
Chicago Booth BUS 41100

Solutions to Final Exam SAMPLE #1

Instructor: Max H. Farrell

These solutions are a guide only! Your answers should show more
work/detail/reasoning.

1 Simple Linear Regression Mechanics

(a) (ii) because the t statistic is
b1 − 0

sb1
=

2

sb1
= 2.1, and solving yields 0.95.

(b) Only (i) because you have more data, but the exact same estimate for b1, which is still
different from zero. Hence you must be more sure that β1 6= 0.

(c) (v) because they all lie on the line y = 1 + 2x.

2 Simple linear regression

(a) DC is an outlier, and should be removed. The plots show this statistically, and non-statistically
we have good reason because it is not a state.

(b) No/little change, because DC has low leverage (near average median income).

(c) The results seem to be opposite: in the regression, INC has a positive slope, so higher
income means higher vote share, but in the graph, as income goes up, vote share declines.
The explanation is that the two aggregate at a different level. The regression is at the state
level: e.g. CA has a higher median income than NM, whereas the graph is within state. So
if the wealthy people within each state are less likely to vote democrat, that doesn’t mean
anything for the state as a whole.

3 Residual Diagnostics

For each of the following plots, separately, describe (in one sentence) what you think is problematic
with each (potential) linear regression. Then, suggest how you would fix the problem (make only
one suggestion in each case).
(a) Solution. Non constant variance and bunching in X, use log-log to fix.

(b) Solution. Clear nonlinearity and nonconstant variance, try log(x) or x2.
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(c) Solution. Right skew, Options include log(y), sqrt(y), or maybe y/x.

(d) Solution. There is an outlier. If there is a non-statistical reason to, it can be removed.

4 Multiple linear regression

(a) (i) The coefficient means that on average people that underwent training made $-15204.80
less than those that did no training. This difference is signifcant at the 0.05 level. The
null is H0 : β1 = 0 and the alternative is H1 : β1 6= 0; the t test statistic value is -13.17
and the p value is given as < 2e− 16.

(ii) One possibility (and the later parts verify that this is correct) is that the people that
underwent training make much less to begin with. Notice that in this part, we are not
modeling the change in earnings, just the level afterward. If the people that did the
training program had very low earnings relative to those that did not do training, then
even if the training raised their income, it would still be lower than the no-training
sample.

(b) (i) The coefficient means that on average people that underwent training made $479.20
more than those that did no training, holding fixed education and pre-training earnings.
So if you have two people with the same education level and the same earnings, and you
put only one through training, then on average that one will earn $479.20 more than
the untrained person. This difference is not signifcant at the 0.05 level. The null is
H0 : β1 = 0 and the alternative is H1 : β1 6= 0; the t test statistic value is 0.583 and the
p value is given as 0.55992.

(ii) Statistically, the training does not add significant value, once controling for pre-training
earnings and education level. This doesn’t rule out the possibility that some sub-groups
could benefit, such as specific earnings levels or demographic groups.

(c) From plots 1 and 2 we see non-constant variance. From plots 3 and 4 we see strong evidence
of non-normality, big enough to be worrisome. From all four plots we see the possibility of
outliers. Removing them may fix the non-normality.

The other problem is the weird linear pattern in the bottom left corner of plot 1. Remember
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that plotting residuals against X should show a nice cloud of points. So what’s going on here?
This is caused by the fact that many people have zero earnings, i.e. they are unemployed.
This is true both before and after training, and for people that did training and people that
didn’t.

To fix all these a lot needs to be done actually. Most obviously, taking a log transform of
education or using dummy variables for certain levels of attainment may help. Removing the
outiers may help. We can’t take the log of earnings either (before or after) because it takes
the value zero very often. So the best strategy would be to treat these points separately, or
to remove them entirely. Full credit would be given for a well-reasoned answer.

(d) (i) The null hypothesis isH0 : β4 = β5 = β6 = β7 = β8 = 0 and the alternative isH1 : βj 6= 0
for at least one j ∈ {4, 5, 6, 7, 8}. Conceptually, the null hypothesis is that the additional
variables, as a whole, do not add anything to the model, while the alternative is that
“Model 2” is prefered to “Model 1”, i.e. the new variables add something. The p-value
is less than 0.05, so at the 5% level, we reject the null hypothesis and decide that the
new model is prefered.

(ii) According to BIC, the old model is better, but according to the partial F test, the new
model is. Which is better is largely a matter of taste at this point. Full credit would be
given for any correctly justified answer.

Remember that our goal is to estimate β1, and the estimates have different interpreta-
tions in the different models because they control for different things. If we do not want
to condition on demographics, like race, then the first model is prefered.

5 Understanding regression output #2

We have 70 observations of flat panel TV price collected from an online retailer, and we also know
the size in inches of the diagonal length of the viewing area, the brand (indicating LG, Panasonic,
or Samsung), and the type (indicating an LED or plasma). Our goal is to build a model to predict
price using the other three variables.

Consider the following regression output:

Call:

lm(formula = log(price) ~ size + type + brand)

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.975399 0.190335 26.140 < 2e-16 ***

size 0.045329 0.003923 11.554 < 2e-16 ***

typeplasma -0.266354 0.070914 -3.756 0.000371 ***

brandPanasonic -0.017702 0.085992 -0.206 0.837546

brandSamsung 0.174208 0.064959 2.682 0.009272 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.231 on 65 degrees of freedom

Multiple R-squared: 0.7309, Adjusted R-squared: 0.7143

F-statistic: 44.13 on 4 and 65 DF, p-value: < 2.2e-16
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(a) Conceptually, what do the coefficient estimates for typeplasma, brandPanasonic, and brandSamsung

add to our understanding of the relationship between price and size? That is, visually, what
do these variables represent if the relationship were plotted?

Solution. These allow the intercept of the line of price on size to be different by brand

and by type.

(b) Numerically, give an interpretation of the results for brandPanasonic. Interpret both the
coefficient estimate itself and the associated significance testing.

Solution. The omitted brand is LG. The intercept says that Panasonic TVs are 1.7%
cheaper than LGs on average (their line is shifted down by this amount), however, this dif-
ference is not statistically significant (the p-value = 0.84 ¿ 0.05).

(c) What would be the p-value for the partial F test of whether type is worthwhile to add to the
model beyond size and brand? What do you conclude based on this p-value?

Solution. Remember that for one variable, the partial F test and the t test are identical, so
the p-value is 0.000371, and we conclude that type is a worthwhile addition.

For parts (d) - (f) below, consider the following expanded regression.

Call:

lm(formula = log(price) ~ size * type + brand)

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.992840 0.223091 22.380 < 2e-16 ***

size 0.044945 0.004680 9.603 5.07e-14 ***

typeplasma -0.331737 0.433194 -0.766 0.44661

brandPanasonic -0.013657 0.090589 -0.151 0.88064

brandSamsung 0.174483 0.065477 2.665 0.00974 **

size:typeplasma 0.001255 0.008200 0.153 0.87886

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.2327 on 64 degrees of freedom

Multiple R-squared: 0.731, Adjusted R-squared: 0.71

F-statistic: 34.78 on 5 and 64 DF, p-value: < 2.2e-16

(d) Conceptually, what does the coefficient estimate for size:typeplasma add to our understand-
ing of the relationship between price and size? That is, visually, what does this variable
represent if the relationship were plotted? How is this different from part (a)?

Solution. The interaction of size and type allows for a different slope for different types
of TVs, as well as different intercepts, whereas part (a) it is the intercepts are different.

(e) What would be the p-value for the partial F test of whether this expanded model is worthwhile
beyond the original regression? What do you conclude based on this p-value?

Solution. Even though it seems like we’re adding more than one variable, the logic of part
(c) still applies. The p-value is 0.87886 and we conclude that the different slopes are not
worthwhile.
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(f) Comparing this regression output to the original, why does your conclusion in part (e) make
sense? Cite specific values from both outputs.

Solution. The fact that the different slopes are not worth doing makes senses when you look
at the R2 values: 0.7309 in the first model and 0.7310 in the second, a difference of 0.0001.
The partial F test is a formal test of whether this is a statistically “big” difference, and with
a sample size of 70, there is no way it is significant.

6 Classification & Model Building

(a) We can (i) flag an email as spam when it is not, or (ii) we can fail to flag a message as spam
when it is in fact spam. Which of these is worse is a matter of taste. Here’s one idea. Suppose
that people don’t ever shift through their spam folder (probably true). Then, I really worry
about the first error, because it means people could be missing important emails, whereas
the second one is only an inconvenience in having to delete some junk from you inbox. To
reason for the opposite, if on average each person receives thousands of spam messages per
day, and only a couple important messages, then you might want the computer to throw most
messages away, because people won’t want to scan through a lot of spam.

(b) See class discussion.

(c) The -1 column corresponds to errors of type (i), the +1 column is type (ii). So you might
prefer LASSO to avoid type (i) errors and AIC to avoid type (ii) errors. BIC makes more
errors of both kinds than does AIC, so you should never prefer BIC according to these results.

7 Panel and Clustered Data

We have fuel economy data for 82 different car models from year 2001–2010. We want to study
the relationship between engine size (measured by displacement) and miles per gallon in the city
(cty).

Consider the following regression model, where i indexes models and t indexes years:

ctyi,t = α0,i + γ0,t + β1displi,t + εi,t.

(a) What do the terms α0,i and γ0,t represent and what do they control for? That is, explain
conceptually why it is important that each is in the model.

Solution. α0,i are model-specific effects and γ0,t are year-specific effects. They let each model
and each year have different intercepts, to control for the fact that each model is different and
each year is different. Car models could be different in the mechanism of how engine size
relates to MPG (a big engine in a small car vs a large car) and years could be different if
emissions regulations or technology change over time.

(b) Explain the difference between fixed effects and random effects.

Solution. Random effects assumes that the α0,i and γ0,t are uncorrelated with displi,t but
fixed effects allows for arbitrary correlation.

(c) Recall the model is ctyi,t = α0,i +γ0,t +β1displi,t +εi,t. In R we obtain the following output:
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Call:

plm(formula = cty ~ displ, data = fuel.panel, model = "within",

index = c("model", "year"))

Balanced Panel: n = 82, T = 10, N = 820

Residuals:

Min. 1st Qu. Median 3rd Qu. Max.

-4.510962 -0.570767 -0.026918 0.440195 9.030572

Coefficients:

Estimate Std. Error t-value Pr(>|t|)

displ -0.36541 0.17381 -2.1024 0.03586

Using the notation from the model, list and explain all the assumptions we need to make for
this output to be valid/useful.

Solution. All the usual SLR assumptions plus (i) γ0,t are all zero, (ii) the α0,f are fixed
effects, not random.

(d) We also observe each car’s make (the company making it, e.g. Honda is a make, Accord is a
model). We use this variable in the following R code, where mpg.model refers to the regression
in part (c).

> vcov <- cluster.vcov(mpg.model, fuel.panel$make)

> coeftest(mpg.model, vcov)

Estimate Std. Error t value Pr(>|t|)

-0.365 0.353 -1.035 0.301

Explain how, and why we are using make by referring to the model notation above. Compare
the results numerically to those in part (c), and explain any differences.

Solution. We clustering at the make (i.e. company) level, allowing the εf1,t1 and εf2,t2 to be
correlated arbitrarily if the cars are from the same company, but uncorrelated across different
companies. This assumption means we have less independent signal on the link between mpg
and size, and hence the standard error is much larger. Large enough, in fact, that the result
is no longer statistically significant.
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