
Homework Assignment 6

Max H. Farrell – Chicago Booth
BUS41100 Applied Regression Analysis

Due at the beginning of class of week 9

1 Flight Delays

Return to the same data we used for homework 5. See description of the data and the variables there.
We are going to use the methods from class to build prediction models for departure delays. We will
predict both the delay in minutes and the binary

Do the same data preparation you did in homework 5, up to part (f). Create two binary variables, one
flagging any departure delay and one flagging delays of at least 20 minutes. We have three outcomes
to predict now: two binary and one continuous.

First we need to create the universe of X variables to choose from.

(a) Not all variables can be used in the model building step, for several reasons. Examine the
variables pressure, tailnum, minute, and date and explain why they should be excluded from
model building. Next, look for other variables that should be excluded for similar reasons.

(b) Next, not all variables should enter in the form they are given. If we put day into the model
as-is, how will it enter? What should you do instead? Look at plot(day,dep_delay) to help
decide. What is wrong with including dep_time? Do a similar exercise for other variables.
Coding tip: for plotting use a small sample to make it go faster, like 10% of the data.

(c) When building a model to predict a delay of at least twenty minutes, explain why we should
not include dep_delay in the universe of variables. What else should we exclude for the same
reason?

Now the universe of variables is complete, we proceed to model selection. Throughout we will use
forward stepwise selection based on BIC. Split the data into training and testing samples (size and
sampling scheme is up to you).

(d) For all three outcomes, search over only main effects. What do you find?

(e) This part is to illustrate that it matters how you do the model selection and you need to under-
stand what the computer is really doing.

We are going to explore interaction terms next. Remember what is under your control in this
process: where to start, what to search over, which direction, and how to measure the steps.
There are two ways we can think about doing stepwise selection over interaction terms: (1) start
with the empty model and search over all main effects and all two-way interactions, or (2) start
with all the main effects and search over all two-way interactions.

For dep_delay only, do both of these search procedures and compare your results. Explain
what you found particularly in light of what happened in part (d).

Coding tip: if you have N main effects in part (d), try running the stepwise procedure for N+1
or N+2 steps by adding the argument steps= to the step function.
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(f) For all three outcomes, use stepwise selection to figure out which interaction terms to add.
Coding tip: use a small sample, like 10%, of the data to start with, so you can debug the code.
Once the code is correct, start it running on the full training data and do something else for a
while.

(g) Compare the variables selected. What do you find is different between the different outcomes
and why do you think that is?

(h) Compare all the models you have, for all three outcomes, in terms of their prediction perfor-
mance. For each outcome, which model is best?

(i) Now, using your findings, advocate for one model to be used to make decisions about predicting
delays. That is, pick only one way of measuring the delay and one model for that outcome.

2 Inference After Model Selection

This question illustrates conceptual material, and thus it has a lot of exposition.

In class we discussed model selection tools in the context of building a high-quality prediction model,
but cautioned that statistical inference (testing, confidence intervals, etc) were unreliable following
model selection. Let us review why. In week 2 we showed that our uncertainty regarding b1 as an
estimator of β1 comes from the fact that if the data were to change, so would our estimate. The
standard errors we derived, and those reported by the computer, capture this uncertainty. However,
when doing variable selection, an additional layer of uncertainty is introduced: the fact that as the
data changes, the very model we select may change, above and beyond to the coefficient estimates
within the model changing. This second layer of uncertainty is not at all reflected in the standard
errors.

This question will explore inference after model selection and highlight some of the potential problems
using Monte Carlo simulation, just like we did in week 2. The set up will be the simplest possible,
just to make things easy and to illustrate the issues.

Throughout this exercise, remember that in the real world we do not know the true coefficients
(β0, β1, β2) or other true pieces of the data generating process. Here we play god and set them, then
see what happens. The point is to show how the reliability of our tools depends on these unknowns,
and whether our tools are, or are not, reliable in practice.

We have an outcome Y and two predictors, X1 and X2, in the standard multiple linear regression
model:

Y = β0 + β1X1 + β2X2 + ε, ε
iid∼ N (0, σ2). (1)

Our goal is to do inference on β1, the coefficient on X1, for example forming a confidence interval,
after deciding if X2 belongs in the model. If X2 belongs in the model and we run the full model, i.e.
lm(Y ~ X_1 + X_2), we get an estimator b1 that is unbiased and Normally distributed with standard
error sb1,F (the “F” is for “Full”); that is, in math

b1 − β1
sb1,F

≈ N (0, 1). (2)

On the other hand, if X2 does not belong in the model, then we will get a better estimate of β1 by
running the restricted model that only includes X1, i.e. lm(Y ~ X_1), and

b1 − β1
sb1,R

≈ N (0, 1), (3)
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where, typically sb1,R < sb1,F , reflecting that the new estimate b1 is more precise.

To form a confidence interval for β1, we will perform the following steps.

(1) Somehow decide which model is better, F or R.

(2) Run the selected model, and obtain estimates b1 and its standard error.

(3) Form the confidence interval [b1 ± 2× sb1,M ], where b1 is the estimate of β1 coming from the
chosen model and sb1,M is the standard error from that model (i.e. either M = F or M = R).

We aim to answer questions like: What is the sampling distribution of the estimate b1 from the
algorithm above? Is it the same or different as the one we would expect from week 2? Why? In
particular, how does the confidence interval behave?

To answer theses, you will use perform simulation studies from the model in Equation (1), using the
code file homework5-ModelSelectionMonteCarlo.R from the course website. At the top of the code
file, you will see a section where you can change the various parameters of the model:

## Sample size

n <- 100

## set regression coefficients and other parameters

beta.1 <- 2

beta.2 <- 2

x.cov <- 0 #the covariance between the two X variables

sigmaSquared <- 1 #the variance of the epsilons

The code chooses a model based on the partial F test.

(a) Set β1 = β2 = 2 and COV(X1, X2) = 0.5 and verify numerically that inference for β1 works well
even after model selection. Explain why the sampling distribution of b1 is not affected by model
selection in this case. Is the sampling distribution of b1 given by Equation (2) or (3)?

(b) Set β1 = 2, β2 = 1/4, and COV(X1, X2) = 0 and verify numerically that inference for β1 works
well even after model selection. Explain why the sampling distribution of b1 is not affected by
model selection in this case. Is the sampling distribution of b1 given by Equation (2) or (3)?

(c) Set β1 = 2, β2 = 0, and COV(X1, X2) = 0.5 and verify numerically that inference for β1 works
well even after model selection. Explain why the sampling distribution of b1 is not affected by
model selection in this case. Is the sampling distribution of b1 given by Equation (2) or (3)?

Parts (a), (b), and (c) cover all the extreme cases of when model selection does not matter. In most
other cases, it will affect inference to some degree. So the lesson from (a), (b), and (c) should not be
“eh, it’s mostly not an issue”, but instead, “only in very particular cases can we ignore the problem.”

(d) Set β1 = 2 and β2 = 1/4 like in (b). Now run the code for COV(X1, X2) = 0.2, 0.5, 0.8. What
is going on? Can you explain what exactly is the distribution you see with COV(X1, X2) = 0.8?

(e) Repeat part (d) with n = 500.

(f) Repeat part (d) with n = 500 and σ2 = 10.

Part (e) makes it seem like this is just a “small sample size” problem. But that is not correct. It
is true that the problem is a lack of information, and that a bigger n represents more information,
but this neglects the “noise” part of the signal-to-noise ratio: the epsilons. For any sample size, the
variance could be large enough to make this a problem, i.e. to mask the signal.

The small the signal is, the harder it is to detect, as we show next.
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(g) Set β1 = 2, β2 = 0, and COV(X1, X2) = 0.5 as in part (c). Then try increase β2 in steps of
0.05 and see what happens. Explain the pattern you find.

So far, we have only used the partial F test to select the model. The problem of inference after
model selection is more general. To see this, let’s try again with AIC and BIC focusing on one of the
problematic cases.

(h) Set β1 = 2, β2 = 1/4, and COV(X1, X2) = 0.8 and change the code to pick the model based on
BIC. Using our discussion of BIC from class, explain what you find relative to part (d).

(i) Set β1 = 2, β2 = 1/4, and COV(X1, X2) = 0.8 and change the code to pick the model based on
AIC. Explain what you find relative to parts (d) and (h).

In this whole problem we just had two X variables. This isn’t meant to be realistic; with two variables,
you would just include both of them, i.e. not do model selection. The idea is to just illustrate the
potential problems. You can imagine how bad the problem can be when you have hundreds or
thousands of variables.

3 Furniture Sales

The data set furniture.csv on the class website contains data from 1992–2001 on monthly furniture
sales (in millions of dollars). If you didn’t know any context this would look like an ordinary data
set (rows, columns, numbers, etc), but two things make it different. First, the order matters. These
rows are in time order, and have time labels. What we care about, and are going to try to capture,
is how sales itself evolves over time.

(a) Create a variable called time that simply counts the months starting with the first, consecutively
to the end (i.e. January, 1992 = 1; February, 1992 = 1; . . . , December, 2001 = 120).

Plot the time series data for monthly furniture sales. This is just our usual plot with the outcome,
sales, on the y axis and time on the x axis, but now time has extra meaning. Comment on
what pattern(s) you see in the context of linear regression.

(b) Run a regression of sales against time, and add the regression line to the plot you made in
part (a). That is, fit the linear model

salesi = β0 + β1 × timei + εi.

(c) Plot the residuals of this regression against time. Does this plot look how you expect? Explain.

(d) Again plot the residuals against time, but this time make all the points for December a different
color. Also, plot the data and the regression line, but this time make all the points for December
a different color. What do these two plots tell you? What would you change about the regression
after seeing these plots?

(e) Let’s turn to prediction. Remember that the idea behind prediction is to try to form a good
guess for an outcome that you have not seen, Yf , based on the data you have and a newly
observed Xf . (In our favorite example: Yf is the price of a house that has not yet sold, Xf

would be the square footage, which can measure right now.) But here we don’t have an X
variable, just time. What we really want to do, then, is try to predict a future outcome.

Pretend you did not have the data for 2001. Re-run the regression above using only the data up
to, and including, December 2000. Use this regression to predict furniture sales for each month
of 2001. Comment on your predictions.
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(f) Create an ACF plot of the series of sales. Given this plot, is the regression specification from
part (b) the appropriate first step? Why or why not? What regression model do you recommend
to capture this time series, and why?

4 United States Gas Prices

In this question we will attempt to capture the time series dependence of weekly US gas prices. The
data file USGasPrice.csv contains the year, week, and the price of gas from the eighth week of 1990
through the twenty-sixth week of 2003.

In each part below, we will use one or more of the tools we learned in class. For each part, plot the
(1) fitted values along with the original values as well as (2) the ACF (see the slides for week 8).

(a) As a first attempt, use annual frequencies to try to capture the idea that driving (and hence
gasoline demand) is highly seasonal. Use the two plots asked for above to describe what goes
wrong with this approach intuitively.

(b) There appear to be several structural changes in the data (e.g. more recent years behave
differently). Identify a reasonable set of time points when the series pattern changes dramatically
and permanently and then fit a constant between each time point. What does this capture?

(c) For each period you identified above, fit a separate annual cycle. What do you learn from the
two plots ask for in the question?

(d) Experiment with adding further cycles, time trends, and/or lagged values, in each case allowing
each period you identified in (d) to have a separate fit. Try a “kitchen-sink” that includes
cycles, trends, and lags.

(e) What of the “kitchen-sink” model can you do without? That is, give the simplest model you
can that still does nearly as well at capturing the time series dependence. What do you learn?

5 United Kingdom Gas Consumption

The goals of this question are to develop the best possible model for prediction of quarterly UK gas
consumption (file UKGasConsumption.csv). Since one would expect gas consumption to increase with
both population (a measure of personal consumption) and GDP (a measure of commercial production),
the data consist of quarterly UK gas consumption (in millions of therms), inflation adjusted GDP,
and population estimates for the years 1960 to 1986 (1987 for GDP and pop).

(a) Find a regression model that best explains the time series for log gas consumption. You may
incorporate GDP and population (again, consider a possible transformation of these variables).

(b) Comment on your chosen model. For example, is there evidence of either mean reversion or a
linear time trend in your series? What is the effect of the covariates on gas consumption?

Modeling Note: This data exhibits a common trait for quarterly data: autoregression on an annual
basis. That means you want to include Yt−4 as your AR term, rather than the usual Yt−1. For
example, to get periodic, AR, and linear effect variables:

QR <- 5:108

cos4 <- cos(QR*pi/2)

sin4 <- sin(QR*pi/2)

loggas <- log(gasdata$gas[QR]

loggaslast <- log(gasdata$gas[QR-4])
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